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The Aerospace Corporation ~JẼ An approximate technique sometimes used for estimating the probability of failure of brittle materials u-.der polyaxial loading conditions is to assume that the effect of each principal stress is independent of the presence of the others. It is shown that this assumption is generally unconservative, and that the errors can be large. An exact treatment is given in terms of Weibul] theory for materials that obey Weibull's two-parameter formulation, and a simple conservative approximation is suggested for such materials. In problems that involve biaxial or triaxial tensile stresses, the situation is more complicated. Weibull gave, without formal proof, a procedure for treating such problems and showed how to apply it in several simple cases.
CONTENTS
Some investigators have expressed doubts concerning the rigor of Weibull's treatment of polyaxial stress states [ 5, 6] , and there are indications that these doubts were later shared by Weibull himself [7, 81. Since, in addition, rather tedious calculations are required for each polyaxial stress state, in practical structures that involve continuously varying stress states, there is a natural tendency to use approximations. One simple approximation, which constitutes, in fact, the only technique suggested for handling polyaxial stress statistics in a recent treatise on fracture [9] , is to assume that
where Ps is the probability of survival, ai.d 01., a2 a3 a.re the principal stresses. This method was mentioned earlier by Barnett et al. [5] . For brevity, it is referred to here as the Barnett-Freudenthal (BF) approximation.
One objective of the present investigation is to investigate the limitations of this approach and thus assist potential users in understanding the general nature and approximate magnitude of the errors inv(,lved. Another objective
is to point out an alternative approximation that is preferable in some applications. For the sake of simplicity and brevity, interest is focused primarily on biaxial tension applied to isotropic materials whose fracture statistics in simple tension can be described with satisfactory accuracy by
Weibull's two-parameter formulation:
where Pf is the probability of fracture. An exact treatment of the Weibull thenry solution is also given.
The BF approximation would be strictly correct if all the cracks were oriented with their planes normal to any one of the principal stresses. However, this is rarely the case and certainly does not occur in isotropic ma-I terials. Generally, there will be some cracks inclined to the principal axes that will be fractured by combined stresses even though capable of surviving any of the principal stresses applied individually. This phenomenon tends to make eq. (1) unconservative. However, there are also cases in which a given crack would be fractured by more than one of the principal stresses even acting alone, and this tends to make the assumption of noninteraction, i. e. , eq. (1), conservative. We show how these opposite trends interact, and that, generally, the unconservative tendency dominates.
In the case of equibiaxial tension, eq. (1) 
i. e., the probability of failure in equibiaxial tension is twice that for uniaxial tension.
As noted earlier, one would expect, from general principles, that this would smetimes be an underestimate of the probability of equibiaxial fracture. in order to determine when and how much, we must turn to theory. For this purpose, we select a recent reformation of weakest link theory in which the flaws are identified as cracks [ i0], and the polyaxial stress statistics are derived in a straightforward manner from the basic assumptions. It was noted earlier [8] that, according to this theory, when the probability of fracture in simple tension obeys eq. (2), the probability for equibiaxial tension becomes
For integral values of m, eq. (7) 2), it is readily shown that the slope of the Pf(a) curve is zero at a = 0 when m> 1, in agreement with observation. For m = 1, the slope is finite; for m < 1, it is infinite; such behavior is rarely, if ever, encountered in nature. Thus, we conclude that, for practical purposes, eq. (i) can be considered unconservative.
We now consider the way the size of the error in eq. (1) varies with stress ratio, again focusing attention on Llh biaxial casc. It was pointed out earlier [ 8] that, for materials that obey eq. (2), the Weibu].l theory and that of Batdorf and Crose [10] give the same results. In the general case of triaxial tension characterized by principal stresses Oi , 02 and a 3P where 
In (Ps)BF i + m
This result is shown in Fig. 3 . It is evident that the ratio increases monotonically from s = o to s= 1. Moreover, in the range 2 <im Z 10, the ratio is reasonably constant near s = 1.
The first of these observations suggests a simple method for obtaining an upper bound to the failure probability, or a lower bound to the survival Thus, we conclude that As mentioned earlier, the preceding analysis is based on the assumption that the uniaxial tensile fracture statistics of the material under consideration can be described with adequate accuracy by Weibull's twoparameter equation. When the material is better represented by his three-parameter equation, the analysis becomes more complicated and is beyond the scope of the present paper. However, the general observation that eq. (i) is unconservative still applies, and it is to be expected -ii- 
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